We propose a coupled system of fast and slow phase oscillators. We observe two-step transitions to quasi-periodic motions by direct numerical simulations of this coupled oscillator system. A low-dimensional equation for order parameters is derived using the Ott-Antonsen ansatz. The applicability of the ansatz is checked by the comparison of numerical results of the coupled oscillator system and the reduced low-dimensional equation. We investigate further several interesting phenomena in which mutual interactions between the fast and slow oscillators play an essential role. Fast oscillations appear intermittently as a result of excitatory interactions with slow oscillators in a certain parameter range. Slow oscillators experience an oscillator-death phenomenon owing to their interaction with fast oscillators. This oscillator death is explained as a result of saddle-node bifurcation in a simple phase equation obtained using the temporal average of the fast oscillations. Finally we show macroscopic synchronization of the order 1:m between the slow and fast oscillators.
II. COUPLED SYSTEMS OF FAST AND SLOW PHASE OSCILLATORS
The model equation is a coupled active rotator model [11] expressed as
sin(φ 1j − φ 1i ) + g 1 S 2 , for i = 1., 2, · · · , N
sin(φ 2j − φ 2i ) + g 2 S 1 , for i = 1., 2, · · · , N, where φ 1i and φ 2i denote the phases of the fast and slow oscillators, respectively; ω 01 and ω 02 (where ω 01 > ω 02 ) are the average values of the natural frequencies of the fast and slow oscillators, respectively; δω 1i and δω 2i denote the deviation of the natural frequency from the two average values; K 1 and K 2 are coupling constants of the phase coupling in each group; and b 1 and b 2 are parameters which control the excitability. For example, each element in the first group behaves as an oscillator when ω 01 + δω 1i > b 1 . However, it becomes an excitable element and leads to a stable stationary state for t → ∞ when b 1 > ω 01 +δω 1i , if interaction terms are absent. Interactions between the fast and slow oscillators are expressed by the last terms, g 1 S 1 and g 2 S 2 , where S 1 denotes a signal from the slow oscillators to the fast oscillators, and S 2 denotes a signal from the fast oscillators to the slow oscillators. We assume that S 1 and S 2 are expressed by some functions of the order parameter A 1 = (1/N ) sin φ 2j = 1 − ImA 2 . Near the excitable element-oscillator transition, i.e. b 1 ≃ ω 01 + δω 1i , φ 1i stays close to π/2 for a long time, that is, 1−sin φ 1i is close to 0. When the element is excited, the phase rotation occurs through 3π/2 where 1−sin φ 1i increases to 2. Since the temporal average of S 1 increases continuously from 0 at the transition from excitable dynamics to oscillatory dynamics, S 1 is a quantity representing the activity of the oscillator, similar to the pulse frequency of neurons. Because S 1 and S 2 are always positive, g 1 > 0 implies excitatory coupling from slow oscillators to fast oscillators and the excitatory coupling makes the fast oscillator even faster. On the other hand, g 2 < 0 denotes inhibitory coupling from fast oscillators to slow oscillators, and the inhibitory coupling makes the slow oscillators even slower. Different types of cooperative dynamics are observed for other combinations of signs of g 1 and g 2 .
We assume that δω 1i and δω 2i obey the Lorentz distributions:
Parameters γ 1 and γ 2 express the width of the natural frequency distributions for the fast and slow oscillators, respectively.
III. TRANSITION TO MACROSCOPIC QUASI-PERIODIC MOTION
In this section, we study transitions to quasi-periodic motion by direct numerical simulation of Eq. (1). There are many parameters in our model system Eq.(1), and the whole parameter space is not surveyed yet. In the respiratory system, fast oscillators correspond to neurons, which exhibit pulsating (non-sinusoidal) oscillation, and b 1 can take a nonzero value. Slow oscillators correspond to astrocytes which exhibit smooth sinusoidal oscillation, and parameter b 2 can be assumed to be zero. In this paper, we present some typical numerical results for b 1 = 1, b 2 = 0, assuming that K 1 = K 2 . In this section, parameters other than K 1 = K 2 = K are fixed as ω 01 = 1. at K = 0.015. Slow oscillation appears at K = 0.021. A quasi-periodic motion is observed at K = 0.04. In the quasiperiodic state, the fast oscillation of S 1 (t) is slowly modulated by the excitatory coupling with the slow oscillation of S 2 (t). The slow oscillation of S 2 (t) is depressed by the inhibitory coupling with the fast oscillation of S 1 (t). Some fluctuations overlap on the quasi-periodic motion. This could be because of the finite size effect of N = 5000. The transition from the stationary state to the macroscopic oscillatory state occurs at the first critical point K ∼ 0.02, which is a typical synchronization transition in a large population of slows oscillators. Mutual synchronization occurs among fast oscillators and a macroscopic quasiperiodic motion appears above the second critical point K ∼ 0.0256. The two-step transitions to the quasi-periodic motion are observed in wide parameter ranges. Figures 1(d) shows the time evolutions of S 1 (solid line) and S 2 (dashed line) at K = 0.04 for Eq. (1) at the same set of parameters. However, the initial values of φ 1i and φ 2i are randomly distributed between 0 and 2π. Almost the same time evolution as Fig. 1(c) is observed, although the peak times of S 1 (t) and S 2 (t) are slightly different, i.e., there is a phase shift. Time evolutions of the order parameters do not depend on the initial conditions if the phase shift is neglected. This result suggests that there is a certain attractor in the macroscopic dynamics of order parameters.
To investigate dynamical behavior of each oscillator, we have calculated the average frequency of each fast or slow oscillator as ω 1i = (φ 1i (t 2 ) − φ 1i (t 1 ))/(t 2 − t 1 ), ω 2i = (φ 2i (t 2 ) − φ 2i (t 1 ))/(t 2 − t 1 ) for a large time interval t 2 − t 1 . Figures 2(a),(b) , and (c) show the probability distributions p(ω 1 ) and p(ω 2 ) of the average frequency of fast and slow oscillators at (a) K = 0.015, (b) K = 0.021, and (c) K = 0.04. These results are obtained by the direct numerical simulations of Eq. (1) with N = 5000. The probability distributions located around ω = 1.1 and ω = 0.15 are p(ω 1 ) and p(ω 2 ), respectively. At K = 0.015, p(ω 2 ) has a form of Lorentz distribution. Sharp peaks like the δ-function appear owing to the macroscopic synchronization at K = 0.04. Figure 3 It is because the macroscopic synhcronization occurs for slow oscillators but does not occur for fast oscillators at K = 0.021, that is, K = 0.021 locates between the first and second critical points.
IV. LOW-DIMENSIONAL EQUATION FOR MACROSCOPIC MOTION
In this section, we derive a low-dimensional equation for macroscopic motions using the Ott-Antonsen ansatz. The phase distributions for fast and slow oscillators with frequency deviation δω 1 and δω 2 are expressed P 1 (φ 1 , t, δω 1 ) and P 2 (φ 2 , t, δω 2 ), respectively. For the mean-field model expressed by Eq. (1), the phase distribution functions P 1 , P 2 satisfy
where
Here,Ā is the complex conjugate of A. Assuming the Ott-Antonsen ansatz, the distributions P 1 (φ 1 ) and P 2 (φ 2 ) can be expanded as
whereā 1 (t, δω 1 ) andā 2 (t, δω 1 ) denote the complex conjugates of a 1 (t, δω 1 ) and a 2 (t, δω 2 ). For the Lorentz distribution, the order parameters are expressed as A 1 (t) =ā 1 (t, −iγ 1 ) and A 2 (t) =ā 2 (t, −iγ 2 ). Then, the order parameters A 1 (t) and A 2 (t) obey the following coupled equations:
, and c 2 = K 2 /2. Here, S 1 and S 2 are expressed as S 1 = 1−ImA 1 and S 2 = 1−ImA 2 . Equation (4) is rewritten using the phase and amplitude variables defined by θ 1 = tan 
For b 2 = 0, R 2 = 0 for µ 2 < 0, and R 2 = µ 2 /c 2 for µ 2 > 0, and Eq. (5) It is noted that the time evolutions of S 1 and S 2 obtained by direct numerical simulations of Eq. (1) shown in Fig. 1 is almost the same as the time evolutions of S 1 and S 2 calculated using the low-dimensional equations Eq. (4) shown in Fig. 4 , if phase shift and fluctuations by finite size effect are neglected. Although we have not yet proved mathematically that the invariant manifold corresponding to the Ott-Antonsen ansatz is a global attractor in the whole phase space, Eq. (4) describes the dynamics of the order parameters very well, which strongly suggests that the Ott-Antonsen ansatz is applicable to our system. Detailed bifurcation structures can be investigated using Eq. (4), because fluctuations by the finite-size effect do not appear and numerical simulations are much faster for Eq. (4). Figure 4(d) shows the magnitudes r 1 and r 2 of the oscillations as functions of K calculated using Eq. (4). Here, r 1 and r 2 are calculated as the root mean square of the time sequences of S 1 (t) and S 2 (t), respectively. For the sinusoidal oscillation, r is equal to the amplitude of the oscillation divided by √ 2. The synchronization transition occurs in the population of slow oscillators first at K = K c = 2γ 2 = 0.02 where µ 2 = K/2 − γ 2 = 0 is satisfied. It is because the amplitude R 2 of macroscopic oscillations for the slow oscillators is zero for µ 2 = K/2 − γ 2 < 0, and R 2 increases continuously from 0 for µ 2 = K/2 − γ 2 > 0. The quasi-periodic motion occurs at K = 0.0256, where the magnitude r 1 increases rapidly.
Stationary states, slow oscillation states, fast oscillation states, and quasi-periodic states are typical macroscopic states in our coupled systems of fast and slow oscillators. The four macroscopic states are observed in wide parameter ranges. In the following three sections, we discuss three topics of interesting cooperative dynamics in our coupled systems of fast and slow oscillators. Mutual interactions expressed by g 1 and g 2 play an essential role in the cooperative dynamics. We investigate the coupled systems of fast and slow oscillators using numerical simulations of both Eq. (1) and Eq. (4). In each case, we will check the applicability of the Ott-Antonsen ansatz by comparing numerical results of Eq. (1) and (4).
V. WAXING AND WANING DYNAMICS
When ω 01 + δω 1i < b 1 = 1, the oscillator of the first group becomes an excitable element when the coupling is absent. In this section, we discuss the waxing and waning behavior of fast oscillators. As a typical example, the parameters are fixed to be ω 1 = 0.7, ω 2 = 0.01, g 1 = 0.3, and g 2 = −0.005. Figure 5(a) shows the time evolutions of S 1 (t) (solid curve) and S 2 (t) (dashed curve) at K = 0.04. The numerical simulation was performed using Eq. (1) with N = 1000. The initial condition is φ 1i (0) = φ 2i (0) = 0. We have checked that almost the same time evolution is obtained in case that φ 1i (0) and φ 2i (0) take random numbers between 0 and 2π as the initial condition. Figure 5(b) shows the time evolutions of S 1 (t) (solid curve) and S 2 (t) (dashed curve) using the numerical simulation of Eq. (4). These results show again that the time evolution of the order parameters does not depend on the initial values of φ 1i and φ 2i and the Ott-Antonsen ansatz is a good ansatz.
Quasi-periodic motion appears in the time evolution of S 1 (t) similarly to the case of Figs. 1(c), 1(d), and 4(c). However, S 1 (t) exhibits a characteristic intermittent time evolution. The originally excitable elements in the first group are excited by the slow oscillation and exhibit fast oscillation intermittently when S 2 (t) takes high values. On the other hand, the fast oscillation disappears when the level of S 2 (t) becomes low. That is, fast oscillations are induced by slow oscillations. This type of intermittent appearance of fast oscillations or the waxing and waning behavior is sometimes observed in neural systems. An example is spindle oscillation in brain waves, which appears during light sleep. The spindle oscillation is thought to appear in the thalamic network [14] . Figure 5 (c) shows the magnitudes r 1 and r 2 of the oscillation as functions of K obtained using the numerical simulation of Eq. (4). The macroscopic oscillation appears at K = K c = 2γ 2 = 0.02 which is the critical value of synchronization transition of slow oscillators.
VI. OSCILLATOR DEATH OF SLOW OSCILLATORS COUPLED WITH FAST OSCILLATORS
In this section, we discuss an oscillator death state found in another parameter region. We vary γ 1 and g 2 as control parameters. Other parameters are fixed to be ω 01 = 1, ω 02 = 0.1, K 1 = K 2 = 0.025, and γ 2 = 0.01. The order parameter R 2 of the slow oscillation, R 2 = µ 2 /c 2 , takes a positive value in Eq. (5) at this parameter set. The macroscopic fast oscillation is expected to appear when γ 1 is small. Fig. 7(b) . The stationary state corresponds to a stable stationary solution to Eq. (5). Only fast oscillation appears in Fig. 7(e) . Note that slow oscillations disappear even if µ 2 > 0. Figure 8 (a) shows a phase diagram in a parameter space of g 2 and γ 1 obtained by numerical simulations of Eq. (4). There are four kinds of macroscopic states: stationary state, slow oscillation, fast oscillation, and quasi-periodic motion. They are denoted by "S", "SO", "FO", and "QP", respectively. This phase diagram is constructed by varying the parameters g 2 and γ 1 near the phase boundaries using Eq. (4). The initial conditions are fixed to ReA 1 = 0.1, ImA 1 = 0, ReA 2 = 0.1, ImA 2 = 0 and the control parameters are changed stepwise. The macroscopic state is determined for each parameter set by the time evolutions of S 1 (t) and S 2 (t), and observing that the attractor of Eq. (4) is a fixed point, a limit-cycle, or a torus. We have performed numerical simulations using several different initial values and obtained the same results. Figure 8(b) shows the phase θ 2 of the slow oscillation in the stationary state as a function of g 2 for γ 1 = 0.02. The phase θ 2 changes from π/2 to 3π/2 as g 2 increases. Transitions from the stationary state to slow oscillations occur at g 2 = g 21c ∼ −0.1683 and g 2 = g 22c ∼ −0.2307 for large values of γ 1 . The transitions are saddle-node bifurcations, where sin θ 2 takes ±1 and stationary solutions disappear for g < g 22c and g > g 21c . Figure 8(c) shows the period T of slow oscillations as a function of g 2 − g 21c near the transition point g = g 21c for γ 1 = 0.02 in a double logarithmic plot. The period increases as T ∼ 1/|g 2 − g 21c | 1/2 near the transition point, which is characteristic of the saddle-node bifurcation. The transition from the stationary state to the fast oscillation state is the supercritical Hopf bifurcation. quasi-periodic motion occur near γ 1 ∼ 0.007 for g 2 < −0.2307 and γ 1 ∼ 0.0085 for g 2 > −0.1683. The transitions are the Hopf bifurcation of a limit-cycle corresponding to slow oscillation, or the bifurcation from a limit-cycle to a torus. This is interpreted as a synchronization-desynchronization transition of fast oscillators under the influence of slow oscillation. The information of each oscillator such as the average frequency is obtained by direct numerical simulation of Eq. (1). Figures 9(a)-(d) show the relationship between ω 02 + δω 2i and ω 2i for (a) g 2 = −0. ω 2i . The entrainment frequency of the slow oscillators is 0 even for the case of γ 1 < 0.008, where the fast oscillations appear as shown in Fig. 6 (e). The macroscopic slow oscillation seems to be entrained to the zero frequency state for −0.2307 < g 2 < −0.1683. The bifurcation of the macroscopic entrainment of slow oscillation by the interaction with fast oscillation can be studied in greater detail for γ 1 = 0. At γ 1 = 0, µ 1 = K/2 = c 1 and therefore R 1 = 1 in Eq. (5) . As the parameters b 1 and b 2 are set to be b 1 = 1 and b 2 = 0, Eq. (5) is reduced to be
where R 2 = µ 2 /c 2 . If the time evolution of θ 1 is fast and θ 2 (t) is sufficiently slow, then θ 2 is assumed to be a constant in the time evolution of Eq. (6) . In this case, the probability distribution P (θ 1 ) is expressed as
The temporal average of sin θ 1 in Eq. (7) with respect to the fast oscillation is evaluated using the probability distribution (8) as
The slowly varting component of θ 2 (t) in Eq. (7) therefore obeys Thus, sin θ 2 takes the value 1 at g 2 = g 22c , and -1 at g 2 = g 21c . The saddle-node bifurcations therefore occur at
The critical values are evaluated at g 22c = −0.2307 and g 21c = −0.1684 for ω 01 = 1, ω 02 = 0.1, g 1 = 0.3, K 1 = K 2 = 0.025, and γ 2 = 0.01. These values are consistent with the numerical results. The macroscopic oscillations disappear between g 22c and g 21c , and are locked to the zero-frequency state. This phenomenon is also interpreted as a kind of oscillator death of slow oscillators owing to the interaction with fast oscillators. This oscillator death is a macroscopic one, or the oscillator death of S 2 (t). In the level of individual oscillators, the mutually entrained slow oscillators stop oscillation in this state as shown in Figs. 9(b) and (d), while there are many desynchronized oscillators with nonzero average frequency. This type of oscillator death phenomenon is observed for other parameter sets approximately satisfying Eq. (11) . Other types of oscillator death phenomena have been studied in various coupled oscillator systems [14, 15] .
VII. MACROSCOPIC SYNCHRONIZATION OF ORDER 1:M
In this section, we study the case of g 1 < 0 and g 2 > 0. In this case, mutual synchronization between fast oscillators and slow oscillators is often observed. Because there is a frequency difference between fast and slow oscillators, synchronization of the order n : m occurs. In this section, we present numerical results for ω 01 = 1.4, ω 02 = 0.03, g 1 = −0.1, g 2 = 0.1, and γ 1 = γ 2 = 0.005. However, various types of locking were observed by varying parameters such as ω 01 and ω 02 . (A similar macroscopic entrainment between fast oscillation and slow oscillation is often observed in the case of g 1 < 0 and g 2 < 0.) Figure 10 (a) shows time evolutions of S 1 (t) and S 2 (t) obtained by numerical simulation of Eq. (1) with N = 1000 at K = 0.04. As an initial condition, φ 1i (0), φ 2i (0) take random values between 0 and 2π. Here, S 1 (t) exhibits ten pulsating oscillations in a period of S 2 (t), and S 1 (t) is slightly depressed when S 2 (t) reaches its peak value, because of the inhibitory interaction of g 1 < 0. Figure 10(b) shows the time evolutions of S 1 (t) and S 2 (t) obtained by the numerical simulation of Eq. (4) for the same parameter set. Figures 10(a) and (b) show again the applicability of the Ott-Antonsen ansatz.
The average frequency of each oscillator can be calculated using Eq. (1). Figure 10 (c) shows a relationships between ω 02 + δω 2i and ω 2i obtained by the numerical simulations of Eq. (1) with N = 1000. The horizontal dashed line is ω 2i = 0.0825, which represents the entrainment frequency. Figure 10(d) shows a relationship between ω 01 + δω 1i and ω 1i . The horizontal dashed line is ω 1i = 0.825. Figures 10(c) and (d) imply that the synchronization of the order 1:10 occurs. Ten pulsating oscillations appear for the entrained fast oscillators in the flat region of Fig. 10(d) , after S 2 (t) reaches a peak value. That is, the macroscopic slow oscillations appear to play the role of leading the fast oscillators. This may be related to the role of astrocytes in the respiratory system. Figure 10 (e) shows the magnitudes r 1 (solid line) and r 2 (dashed line) of the oscillation as a function of K calculated using Eq. (4). The macroscopic slow oscillation appears at K = 2γ 2 = 0.01, and the macroscopic fast oscillation appears at K = 0.016. The macroscopic synchronization of the order 1:10 is observed for K > 0.016. Figure 10(f) shows time evolutions of S 1 (t) and S 2 (t) obtained by the numerical simulation of Eq. (4) at K = 0.014. It is clear that S 1 (t) exhibits slow oscillation as an effect of S 2 at K = 0.014 < 0.016.
VIII. SUMMARY
We studied synchronization-desynchronization transitions in coupled systems of fast and slow oscillators. We performed direct numerical simulation of the Kuramoto-type phase oscillator model and a reduced model derived using the Ott-Antonsen ansatz. Similar time evolutions were observed for numerical simulations of the Kuramototype model and the reduced model. The good agreement suggests that the Ott-Antonsen ansatz is applicable to our model system.
We found various phenomena in this coupled system of fast and slow oscillators. A quasi-periodic motion appears as a result of two-step transitions. In the case that ω 1 is smaller than b 1 , fast oscillation appears intermittently as a result of excitatory interaction with the slow oscillators, which is similar to the waxing and waning behavior. We also found a type of oscillator death phenomenon of slow oscillators due to the interaction with fast oscillators. The oscillator death phenomenon is thought to appear as a result of the saddle-node bifurcation in the phase equation for slow oscillations obtained using the temporal average of the fast oscillations. Finally, we found a macroscopic synchronization of the order 1:m in case of g 1 < 0 and g 2 > 0.
Various states, such as a stationary state, slow oscillations, fast oscillations, quasi-periodic motion, and a synchronized state of the order of 1:m appear in our coupled system of fast and slow oscillators. The parameter sets used in this paper are somewhat restricted. However, these oscillatory states, and the transitions among the various states, are generic and are expected to appear in wide parameter ranges.
